Abstract. In this article we consider functions meromorphic in the unit disk. We give an elementary proof for a condition that is sufficient for the univalence of such functions which also contains some known results. We include few open problems for further research.
Preliminaries and Main Results
We denote the unit disk by D = {z ∈ C : |z| < 1} and let
The family S of univalent functions in A together with its many subfamilies, for which the image domains have special geometric properties, have been investigated in details. See [3, 4] . Throughout, B denotes the class of functions ω, analytic in D such that |ω(z)| ≤ 1 for z ∈ D. The well known inequality
k ∈ B will be used to get the proof of Theorem 4. Recently, in [8, Theorem 2(b) ], the second and the third authors proved among other things the following result which extends the earlier known result for analytic functions.
Note that the center 1 has been replaced by µ. First we consider the problem of determining conditions on λ and µ so that functions in U(λ, µ) are univalent in D.
As with the case of analytic functions, for notational simplicity, we let U(λ) := U(λ, 1), U := U(1). In the analytic case, it was well-known that U S (see [1, 2] ). Theorem 1. Let λ ∈ (0, 1] and |1 − µ| < λ. All members of the family U(λ, µ) are functions meromorphic and locally univalent in D if and only if |µ| ≥ λ.
Proof. It is a simple exercise to see that if f ∈ U(λ, µ), then f (z) = 0 in D\{0}, because otherwise f (z 0 ) = 0 for some z 0 ∈ D\{0} which would then imply that
in a neighborhood of z 0 so that
has a pole of order m+ 1 which would clearly be a contradiction to the fact that U f (z) is bounded. Moreover, for |µ| ≥ λ, the inequality |U f (z)−µ| < λ for z ∈ D implies |U f (z)| > 0 for z ∈ D and hence, in either way f ′ (z) = 0 for z ∈ D and f (z) = 0 in D\{0}.
To prove the other direction of our assertion, we let f (z) = z + ∞ n=2 a n z n in U(λ, µ) and consider
as z → 0, where Ω is analytic in D such that Ω(0) = (1 − µ)/λ, Ω ′ (0) = 0 and |Ω(z)| < 1 in D. For simplicity, we let Ω(0) = a. Then
Since Ω
where a = (1 − µ)/λ and ω ∈ B. Note that, in the neighborhood of z = 0, we have the representation z f (z) = 1 1 + ∞ n=2 a n z n−1
As with the standard procedure, the integration of the differential equation (3) delivers that each f ∈ U(λ, µ) has the representation
dt ,
and ω ∈ B. Now, we let ω(z) = 1, z ∈ D, in this representation and obtain that
It follows that there exists a z 1 ∈ D such that f ′ (z 1 ) = 0 if and only if
.
This is equivalent to
or equivalently |µ| < λ, which is a contradiction to the local univalency of f . Hence, the rest of the assertion is proved.
Proof. By using the representation (4), we can write f = 1/g ω for f ∈ U(λ, µ), where
We see that we have to prove
where z 1 , z 2 ∈ D \ {0}, z 1 = z 2 , and ω ∈ B. Since a = (1 − µ)/λ and
we get
and thus, (5) holds whenever
, 1]. This completes the proof. Remark 1. By using Theorem 1, we see that at least for nonnegative real numbers µ the assertion of Theorem 2(b) is best possible. This follows from the fact that for µ ∈ (1 − λ, λ) , the family U(λ, µ) contains a function that is not locally univalent in D. In order to present a couple of precise functions, we consider the function f 0 defined by (see also Problem 2)
Problem 1. Do there exist families U(λ, µ) consisting of univalent functions besides those mentioned in Theorem 2?
In the following we use the equation
where (7) Ω
with Ω ∈ B to get sharp estimates for the coefficients of the representation
Theorem 3. For f ∈ U(λ, µ) of the form (8) and k ≥ 2, the inequalities
are valid. These inequalities are best possible.
Proof. From (6) and (7) we derive the identities
The well known inequalities |c k | ≤ 1 − |c 0 | 2 for Ω(z) = ∞ k=0 c k z k with Ω ∈ B, c 0 = (1 − µ)/λ and c 1 = 0, imply the validity of our assertion.
For the proof of the sharpness, we set ω(z) = −z k−2 in (4) (with c 0 = a) and consider the following functions f k for k ≥ 2:
Obviously, f k ∈ U(λ, µ), and further we get that the k-th coefficient b k of the function z/f k (z) satisfies
The proof is complete.
Remark 2. In particular, in the case k = 2 of Theorem 3, we get the sharp inequality
for f (z) = z + ∞ n=2 a n z n ∈ U(λ, µ).
The well known inequality
will be used to get the proof of Theorem 4.
This inequality is best possible.
Proof. In view of the relations (6) and (7), the assumption gives
from which the desired inequality follows because
Thus, it remains to prove the assertion of the sharpness. To that end, we consider the functions f k , k ≥ 2, given by (9) . Then their Taylor expansions are given by
Hence, in these cases we get
This completes the proof of the sharpness.
Finding sharp estimates for the Taylor coefficients of the functions in U(λ, µ) turned out to be a challenge. As a first result in this direction we prove the next result which extends [8, Theorem 4].
Theorem 5. If f ∈ U(λ, µ) is analytic in the disk D p = {z : |z| < p}, p ∈ (0, 1], and a = (1 − µ)/λ, then the inequality
is valid. This estimate is best possible for µ ∈ (1 − λ, 1].
Proof. We assume on the contrary that |a 2 | > A 2 . In other words, we can assume that there exists an r ∈ (0, 1) such that
Using Brouwer's fixed point theorem, we shall prove that then the function
has a pole in the disk D rp := {z : |z| ≤ pr}. To that end, we consider the function
and we show that it has a fixed point in the disk D pr . For |z| ≤ pr, we get
Since F is a continuous function that maps the convex compact set D pr into itself, Brouwer's fixed point theorem implies that F has a fixed point in D pr which is a contradiction to the initial assumptions of Theorem 5. Hence |a 2 | ≤ A 2 is valid.
Concerning the sharpness, we see that for the numbers µ in question, the quantity (1 − µ)/λ is nonnegative. We choose ω(z) = −1 in the representation formula for f ∈ U(λ, µ), and we get that the function f = f 0 , where
which is analytic in D p and achieves equality in the estimate of our theorem.
Note that the function f 0 given by (10) takes the form
which may be simplified as
for a = 0.
In the case of p = 1, we then ask in particular the following.
the proof of Theorem 2, it is obvious that this extension is univalent if |1 − µ| < λ ≤ 1/2 or if for λ ∈ (1/2, 1] the strict inequality |1 − µ| < 1 − λ is valid. On the other hand, Theorems 1 and 2 have the consequence that for λ ∈ (1/2, 1] the classes U(λ, λ) contain the interesting univalent slit mappings , a = 1 − λ λ .
These functions have a pole at z = p, and their derivatives vanish at z = 1 and z = −1. We conjecture that possibly these classes and those functions deserve further research. Much of the investigations carried out in [5, 6, 7, 8, 9 , 10] on U(λ) and some other related classes could be considered for further research with an aim to obtain meromorphic analogue of these classes.
